
Main question:
How the angular dependence of interlayer MR 
depends on the shape of Landau levels? Are the 
standard formulas of angular dependence of 
magnetoresistance applicable in strongly 
anisotropic quasi-2D layered metals?
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Layered quasi-2D metals
Introduction

Electron dispersion in the tight-binding 
approximation  is highly anisotropic:
ε(p)=εll(pll)+2tz cos(pzd/ℏ), 

 tz<<EF

2D electron gas
Magnetic 
field B

2D electron gas

2D electron gas

Electron wave functions overlap leads to 
the finite interlayer transfer integral tz

Fermi surface in layered Q2D 
metals is a warped cylinder. 
The size of warping W=4tz ~ 
ћωc

Landau levels
B

Extremal
cross 
sections

(Examples: heterostructures, organic metals, all high-Tc 
superconductors)

zz

(coherent-tunneling, 
conserving p||)

FS

2

εll(pll)=p2
ll/2m ll

Two close frequencies => beats of MQO 





Angle-dependent magnetoresistance 
oscillations (AMRO) in quasi-2D metals.

For axially symmetric dispersion and in the first 
order in tz the Shockley tube integral gives:
[R. Yagi et al., J. Phys. Soc. Jap. 59, 3069 (1990)]

gives AMRO

Yamaji angles

Introduction

First theory: 
K.J. Yamaji, 
Phys. Soc. 
Jpn.  58, 1520, 
(1989).

AMRO

Fermi surface

LLs

B

First observation:
M.V. Kartsovnik, P. A. 
Kononovich, V. N. 
Laukhin, I. F. Schegolev,
JETP Lett. 48, 541 (1988).

gives damping of 
AMRO by disorder
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σ
zz3D

=e2 τ∑
FS

vz
2 , v z=∂ ε /∂ pz



Theory of magnetoresistance is not as simple
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Introduction 4

Usually one separates monotonic (background) classical MR and MQO:

σ (B )=σ cl (B )+~σ (B ) .

In quasi-2D metals the oscillations (MQO) are strong,
and such separation in the theory is incorrect 
even if MQO are smeared by T or long-range disorder.

While the thermodynamic potential is a linear functional of the DoS, 
conductivity has nonlinear dependence on DoS. 

Accurate calculation of longitudinal MR in the presence of MQO explains the 
monotonic growth of MR even in the one-particle approximation (electrons + B + 
disorder).



Motivation

Layered compounds are very common: high-Tc cuprates, pnictides, 
organic metals, intercalated graphites, heterostructures, etc. 
Magnetoresistance (MQO and AMRO) is used to measure the quasi-
particle dispersion, Fermi surface, effective mass, mean scattering time..
It is an important complementary tool to ARPES.

Motivation

Experimentally observed dimensional 
crossover: 3D -> quasi-2D -> 2D shows 
many new qualitative features: 
(1)monotonic growth of Rzz(Bz), 
(2)different damping of MQO, 
(3)different angular dependence of MR
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The two-layer tunneling 
model

The Hamiltonian contains 3 terms:

1. The 2D free electron Hamiltonian in 
magnetic field summed over all layers:

3. The coherent electron tunneling between any two adjacent layers:

2. The short-range 
impurity potential:

where

2D electron gas

2D electron gas

2D electron gas
1             3             2

Model 6

Magnetic 
field B

zz



Impurity averaging

The impurity distributions on two adjacent layers are uncorrelated, 
and the vertex corrections are small by the parameter tZ/EF=>

σ zz=
4e2 t z

2d

Lx Ly
∫ d2rd2 r'∫

dε
2π

[−nF
′
(ε )] ⟨ ImG(r, r ', j, ε )⟩ ⟨ ImG(r ', r, j+1, ε )⟩ .

2D electron gas

2D electron gas

2D electron gas

zz

i

tz
tz

i±1

x
x x

Contain extra 
power of tZ/EF 

Vertex corrections can be ignored 
The calculation of interlayer 

conductivity reduces to 2D electron 
Green’s function
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Calculation of the angular dependence of MR

σ zz=
e2 t z

2 d

Lx L y
∫ d2rd2 r'∫

dε
2π

⟨ A (r,r',j, ε )⟩ ⟨A (r',r,j+1,ε )⟩ [−n'F (ε ) ] ,

B= (Bx , 0, Bz )=(B sin θ, 0, B cosθ )

In tilted magnetic field  
the vector potential is           , the electron wave 
functions on adjacent layers acquire the coordinate-dependent phase 
difference    and the Green’s functions 
acquire the phase 

A= (0, xB z−zBx , 0 )
Λ (r )=− yBxd=− yBd sin θ,

GR(r, r', j+1, ε )=GR(r, r', j, ε )exp { ie [ Λ (r )−Λ (r' ) ] } ,

A(r, r ', j, ε )=i [G A(r, r ', j, ε )−GR(r, r ', j, ε )] .where the spectral function

σ zz=
2e2 t z

2d

ℏ
∫∫ dε

2π
d2r [−n'F (ε ) ] [G2 (r,ε )cos( eBydh/2π

sin θ)−Re[GR
2 (r,ε )exp( ieBydh /2π

sin θ)] ] .
The expression 
for conductivity 
has the form: GRGA

New term! GRGR

The impurity averaging on adjacent layers can be done independently:

8
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[started in P. D. Grigoriev, Phys. Rev. B 83, 245129 (2011) ].



AMRO for arbitrary shape of LL

where       

for 



The 2D electron Green’s function with disorder in Bz

GR (E, n )=
E+Eg (1−ci )±√ (E−E1) (E−E2)

2E Eg

,

G(r1 ,r 2 , ε )= ∑
n,k y ,k'y

Ψ n, k y

0* (r2 )Ψ n,k' y

0
(r1 )G (ε,n ) ,

The point-like impurities are included in 
the “non-crossing” approximation, which 
gives:  

where, if Landau levels do not overlap, Tsunea Ando,  J. Phys. 
Soc. Jpn. 36, 1521 (1974)

E1=Eg (√c i−1)
2
, E2=Eg (√c i+1)

2
, Eg=V 0 /2 π lHz

2
∝B, c i=2π lHz

2 N i=N i /N LL.

The density of states on each LL 
has a dome-like shape:

D (E )=−
ImGR (E )

π
=

√(E−E1 ) (E2−E )
2π|E| Eg

,

Density of states

E

D(E)

Bare LL
Broadened LL

c i>1

c i=2π lHz
2 N i=N i /N LL . LL width

ΓB

Γ 0

=√ 4ωc

π Γ 0

>>1
In strong magnetic field the effective level 
width is much larger than without field:

10Model 3:
calculation



Four-site 
approximation
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Diagrams with intersections of impurity lines:

Why non-crossing approximation is applicable in 2D? 

Tsunea Ando,  J. Phys. Soc. Japan 37, 622 (1974)]



Density of states
Noncrossing approximation:

Lorentz shape of LL:

Gauss shape of LL:

AMRO in Lorentz case:

AMRO in Gauss case:

AMRO in dome case:

for

for

AMRO for various shapes of LL



The normalized density of states at                      for various LL shapes.
 Lorentzian (solid green curve), dome-like (dashed red curve), and Gaussian
(dotted blue curve). The dash-dotted purple curve gives the normalized
Density of states for Lorentzian LL shape at twice larger value            .

ℏωc /Γ=10

ℏωc /Γ=20 .



The angular dependence of normalized interlayer conductivity for Lorentzian LL
With four different values                           (thin solid green curve), 10/3 
(dashed red curve), 5/3 (dotted blue curve), and 1 (dash-dotted purple curve). 
The other parameters 
which for cyclotron mass                          and for                                        
corresponds to                       .
 

kF d=3,μ=605K,T=3K,B0≈11.6T,

ℏωc=10K
m*=me θ=0

ωc τ0=10

Comparison of AMRO for various LL shapes

Lorentz shape 

Gaussian shape 



AMRO for the dome-shaped and gauss density of states of LL, 
corresponding to the self-consistent Born approximation.

Gaussian shape Dome-shaped 



Density of states
Noncrossing approximation:

Lorentz shape of LL:

Gauss shape of LL:

AMRO in Lorentz case:

AMRO in Gauss case:

AMRO in dome case:

for

for

AMRO for various shapes of LL



SPIN CURRENT AND THE INFLUENCE OF ZEEMAN SPLITTING ON AMRO.SPIN CURRENT AND THE INFLUENCE OF ZEEMAN SPLITTING ON AMRO.

s zz≡σ̄ zz↑− σ̄ zz↓= σ̄ zz (μ+gμBB )− σ̄ zz (μ )

The monotonic part of the spin-current conductivity, determined as the 
difference between the monotonic parts of conductivities between with 
spin up and down



Gauss case 
The angular dependence of the monotonic  part of spin-current conductivity
                          for  four different values  of                         
(solid green line), 2.0 (dashed red line), 1.0 (dotted blue line) and 0.5 
(dash-dotted purple curve).                                                   

s zz /σ zz
0

Lorentz case 

ωc τ0=10



Conclusions
1:  In the present theoretical study we take MQO into
account and consider their influence on the angular 
dependence of interlayer conductivity. 

19

2: The angular dependence of MR depends on LL shape. For 
Gaussian LL shape AMRO are much stronger. Angular 
dependence of magnetoresistance is calculated. 

3: We also estimated the spin current, which appears 
because of AMRO. For typical parameters of the organic 
metal in the field B  10T the spin current is about 2% of the ∼
zero-field charge current, but it may almost reach the
charge current for special tilt angles of magnetic field. The 
angular oscillations of the spin current are stronger and
shifted by the phase π/2 as compared to the usual charge-∼
current AMRO.



Thank you for your attention !





ARPES data and Fermi-surface 
shape

The Fermi surface of near 
optimally doped 
(a) integrated intensity map 
(10-meV window centered at 
EF) for Bi2212 at 300 K 
obtained with 21.2-eV photons 
(HeI line); (b),(c) superposition 
of the main Fermi surface (thick 
lines) and of its (p,p) translation 
(thin dashed lines) due to 
backfolded shadow bands; (d) 
Fermi surface calculated by 
Massidda et al. (1988).

Motivation

Drawback 2: Ambiguous interpretation. 
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Phase diagram of high-Tc cuprate SC. 
High Tc and quantum phase transition 

Nd2-xCexCuO4

   (NCCO)

Motivation

      n = 0.17
Sh = 41.5% of SBZ

Original FS:

Theory predicts shift 
of the QPT point in 
SC phase? How 
strong is this shift?

Reconstructed FS:

n = 0.15 and 0.16

Sh  1.1% of SBZ;
0.15  64 meV;
0.16  36 meV

T. Helm et al.,

PRL 103, 157002

(2009)
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Angular dependence of background 
magnetoresistance

Reconstruction 
of the FS in 
Tl2Ba2CuO6+d

from polar 
AMRO data.

N. E. Hussey et al., "A coherent 3D Fermi 
surface in a high-Tc superconductor", 
Nature 425, 814 (2003)

Motivation 24



Magnetoresistance studies of organic metals

Some books:
1. J. Wosnitza, Fermi Surfaces of Low-Dimensional Organic Metals
and Superconductors (Springer-Verlag, Berlin, 1996).
2. T. Ishiguro, K. Yamaji, and G. Saito, Organic Superconductors,
2nd ed. (Springer-Verlag, Berlin, 1998).
3. A.G. Lebed (ed.), The Physics of Organic Superconductors and 
Conductors, (Springer Series in Materials Science, 2009).

Some review papers:
1.D. Jérome and H.J. Schulz, Adv. Phys. 31, 299 (1982).
2.J. Singleton, Rep. Prog. Phys. 63, 1111 (2000).
3.M.V. Kartsovnik, High Magnetic Fields: A Tool for Studying Electronic 
Properties of Layered Organic Metals, Chem. Rev. 104, 5737 (2004).
4.M.V. Kartsovnik , V.G. Peschansky, Galvanomagnetic Phenomena in 
Layered Organic Conductors, FNT 31, 249 (2005) [LTP 31, 185].

There are very many papers on the study of electronic properties of 
organic metals using magnetoresistance measurements.

Motivation 25



High-magnetic field as a tool to 
study electronic properties of metals

Theory of magnetoresistance and 
MQO in strongly anisotropic layered 

metals

What is missed in the standard 
theory?

What are the main known results?

2
6

Introduction.



MQO of all thermodynamic quantities 
can be easily calculated from the DoS 

Introduction.

The thermodynamic potential is given by the integral of DoS:

Magnetization is given 
by the derivative

But the transport quantities cannot be calculated so simply!
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Part 2: Angular 
dependence of MR in 
strongly anisotropic 

layered metals 

28

Started in  P. D. Grigoriev, Phys. Rev. B 83, 245129 (2011)

Continued in P.D. Grigoriev, T.I. Mogilyuk, to be published
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0 . 3 0

0 . 3 5

 z z

 Angular dependence of magnetoresistance 
in the weakly incoherent regime [ PRB 2011 ]

Result 2011

τ B=τ0 (Γ 0 /ΓB )∝1 /√B cos θ

Result for Lorentzian LL 
shape is very approximate:
It modifies for  > 1 .

 5 0 5 0
 0 . 0 5

0 . 1 0

0 . 1 5

0 . 2 0

0 . 2 5

0 . 3 0

0 . 3 5

 z z

B=5T B=10T

New result

Old result *1/2

The difference comes from the high harmonic contributions and from the prefactor

κ≡k F d tan θ,where but   depends on Bz:

σ 0 (BZ ) ∝1/√BZ=1/√B cosθ .and  the prefactor acquires 
the angular dependence:

zz()
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Angular dependence of harmonic amplitudes 
for arbitrary LL shapes

30Result 
2013a

(P.D. Grigoriev, T.I. Mogilyuk)

where     and the Laguerre polynomials

The angular dependence of interlayer conductivity is given by 
a double sum over Landau levels:



Angular dependence of MQO amplitudes 
is given not only by the spin-zero factor
 

Angular dependence of harmonic amplitudes 
for Lorentzian and Gaussian LL shapes

31Result 
2013a

For Gaussian LL shape the p0 terms are exponentially small at C >> 1, 

which leads to a strong enhancement of AMRO amplitudes.

(P.D. Grigoriev, T.I. Mogilyuk)

! τ=τ0 (Γ 0 /Γ )∝1/√B cos θ

Thank you for attention!

For Lorentzian LL shape:



[ PRB 79, 165120 (2009). ]

But no AMRO is predicted in these 
models, 

which contradicts the experiments on 
Rzz()

Motivation 32

Rzz (Bz )
Rzz ()



Shubnikov – de Haas oscillations in 3D metals 

Introduction

MQO of conductivity in 3D metals mainly come from the oscillations of 

electron mean free time ~1/(EF). The DoS (EF) oscillates because of 
Landau level quantization. σ

zz3D
=e2 τ∑

FS

vz
2 ,

So, in 3D conductivity is inversely proportional to the DoS, 
because oscillations of scattering rate 1/ dominate oscillations of 
mean square electron velocity averaged over FS.

In 2D maxima of conductivity coincide with DoS maxima, 
because between the LLs there is no electron states to conduct => 

the phase of Shubnikov-de Haas oscillations in 2D and 3D differs by 
=> 2D and 3D cases are not described by the same formula!

1/τ=

where in the Born approximation the scattering rate is given by golden Fermi rule: 

DoS

33



Γ∝√B

Landau level broadening in 2D case 
depends on the range of impurities

For a white-noise or Gaussian correlator of the impurity potential U (r):

one obtains dome-like (“non-crossing” approx.) 
and Gaussian LL shape (in better approx.):

For a long-range impurity potential, when d<<lH, the LL width  is 

independent of B (but may depend on LL number N),  
while for short-range disorder in strong field
the LL width                  as in the “non-crossing” approximation. 

D (ε )=
exp (−ε 2/2Γ

N 2)
2π l

H 2√2π ΓN

ωc τ >>1

with the 
LL width:

and

E4

[ I.V. Kukushkin, S.V. Meshkov and V.B. Timifeev, Sov.Phys. Usp. 31, 511 (1988) ]34



Observed angular dependence of MR

0

1000
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3000

-50 50

 24T
 27T
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15T
10T
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R
zz

The positions of AMRO 
maxima coincide with 
Yamaji angle for given 
Fermi surface and 
triclinic symmetry. 

The overlap with MQO 
gives noise to AMRO.

One can compare Rzz(B) 
with theory in the AMRO 
maxima. The old theory 
predicts Rzz(Yam , B)~B2

35



Magnetic field dependence of MR in 
the AMRO maxima (Yamaji angles)

Observed linear dependence 
Rzz(Yam , B)~B contrary to the 
Rzz(Yam , B)~B2 predicted by 
the old 3D-like theory 

suggest that it does not work

For Lorentzian LL shape and 
neglecting the quantum term the 
new weakly coherent theory 
predicts Rzz(Yam , B)~B3/2 , giving 
slightly better agreement, 
however other LL shapes may give 
different result.

More accurate calculation based on newly proposed 
weakly coherent model is planned for nearest future. 36
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